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Abstract
In this paper, we consider the Navier-Stokes equations and temperature equation
arising from the evolution process of the atmosphere. Under certain assumptions
imposed on the initial data, we show the L1-stability of weak solutions for the
atmospheric equations. Some ideas and delicate estimates are introduced to prove
these results.
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1 Introduction andmain results
In this paper, we consider the atmosphericmotionmodel under the constant external force
and without the eﬀects of topography, and the aerosphere is regarded as a spherical shell
encompassing the earth. We introduce a moving frame running with the earth, (λ, θ ,p),
where λ ∈ [, π ] is the longitude, θ ∈ [,π ] is the colatitude, and p ∈ [p,ps] is the at-
mospheric pressure, which can be used instead of the geocentric distance r because it is
strictly monotonically decreasing function for r, where ps is the atmospheric pressure on
the surface of the earth, and p >  is the atmospheric pressure at a certain isobaric surface.
In the coordinate system consisting of the moving frame and time, the atmospheric state
functions are deﬁned by the atmospheric horizontal velocity V = (vλ, vθ ), the rate of pres-





∂t + (V · ∇)V +w ∂V∂p + (ω cos θ + cot θa vλ)βV +∇ = μ	V + ν ∂∂p (α(p) ∂V∂p ),
∂T




















with the initial data
V |t= = V, T |t= = T, ω|t= = ω, (.)
where ω is the angular velocity of the earth; c, cp, and R are the thermodynamics parame-
ters; μi and νi, i = , , are the diﬀusion coeﬃcients; α(p) ∈ C[p,ps] satisfying α(p)≥ Cα >
, namely the diﬀusion is related to the atmospheric pressure;  is the diabatic heating of
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the atmosphere, which is a function of (λ, θ ,p) and stands for the eﬀect of the constant ex-




in ω cos θβV = ω cos θk∧V ,
which denotes the Coriolis force on the atmosphere. The diﬀerential operators grad = ∇
and div =∇· on the spherical surface have the following form:
⎧⎪⎨
⎪⎩
∇ = ( a sin θ ∂∂λ , a ∂∂θ ),
∇ ·V = a sin θ ∂vλ∂λ + a sin θ ∂(sin θvθ )∂θ ,









where a is the radius of the earth. The vertical scale of the atmosphere is verymuch smaller
comparedwith the radius of the earth, so the geocentric distance r is replaced by the radius
of the earth in the diﬀerential operators. The above equations are studied on× [,M] :=
[, π ]× [,π ]× [p,ps]× [,M], whereM > .
The boundary conditions without the relief are: All the functions are π periodical w.r.t.
λ, π periodical w.r.t. θ , and
{ vλ
∂p |p=p = vθ∂p |p=p = T∂p |p=p = w|p=p = ,
vλ|p=ps = vθ |p=ps = T∂p |p=ps = w|p=ps =|p=ps = .
(.)
There are many important results achieved on the atmospheric problem. Zeng [], Li
and Chou [] have made important progress on the formulation and the analysis of the
models. For diﬀerent research purposes, diﬀerent atmospheric models have been inves-
tigated by Pedlosky [], Washington and Parkinson [], Lions et al. [–] and references
therein. Recently, Chepzhov and Vishik [] introduced the atmospheric equations consid-
ered in this paper. Huang and Guo [] proved the existence of the weak solutions to the
atmospheric equations by the basic diﬀerential equation theory and the existence of the
corresponding trajectory attractors, from which the existence of the atmospheric global
attractors follows. Furthermore, Huang and Guo [] studied the model of the climate for
weather forecasts in which the pressing force of topography on atmosphere and the di-
vergent eﬀect of airﬂow are included, and they proved the existence and the asymptotic
behaviors of the weak solution.
The rest of the paper is as follows. In Section , the main results about the L-stability
of weak solutions to the Navier-Stokes equations and temperature equation are stated.
In Section , we will give several important a priori estimates. Then we will justify the
stability of the weak solutions in Section . Finally, in Section , the conclusion will be
given.
2 Main results
The L-stability theory of weak solutions to (.) will be considered, and there is a simple

















V (s)ds = . (.)
Substitute (.) and (.) into (.), and deﬁne the unknown function U := (V ,T), then








∂p + (ω cos θ +
cot θ






























U|t= = (vλ, vθ ,T)|t= =U = (vλ, vθ,T),
U(λ, θ ,p) =U(λ + π , θ ,p) =U(λ, θ + π ,p),
∂U





























































then we show the deﬁnition of weak solutions of system (.).
Deﬁnition . (Deﬁnition of weak solution) For anyM > ,U is said to be a weak solution
of system (.) on  × [,M], if U has the following regularities:
U ∈ L∞(,M;L())∩ L(,M;H()), (.)
and satisﬁes the equations in the sense of distributions
Ut + L(U) + B(U ,U) = F , in D′
(
(,M)× ). (.)











a(U ,ϕ) + b(U ,U ,ϕ) – (F ,ϕ)
)
dt = , (.)
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where (·, ·) is the inner product of L(),
a(U ,ϕ) = μ
∫
























∂p dσ dp (.)
and




















































ω cos θ + cot θa vλ
)











fa sin θ dλdθ dp. (.)
Then we can state the main results of the present paper as follows.
Theorem . (Stability of weak solutions) For any M > , let Un = (vnλ, vnθ ,Tn) = (Vn,Tn)




)|t= =Un = (vnλ, vnθ,Tn ), (.)
and Un be such that
Un →U = (vλ, vθ,T) ∈ L(), (.)
where U ∈ L() and satisﬁes the following upper bound uniformly with respect to n ∈N:
∫

∣∣Un ∣∣ dσ dp =
∫

(∣∣vnλ∣∣ + ∣∣vnθ∣∣ + ∣∣Tn ∣∣)dσ dp < C, (.)
where C >  denotes a constant, and we assume that  ∈H–().
Then, up to a subsequence, still denoted by the same symbol, we have
Un →U ∈ L(,T ;L()), (.)
where U = (vλ, vθ ,T) is a weak solution of system (.) with the initial data U = (vλ,
vθ,T).
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Remark . Note that from (.), we can ﬁnd that if
Un →U ∈ L(), (.)
then
Un →U ∈ L(,T ;L()), (.)
which is the L-stability of weak solutions for the system.
Remark . Furthermore if
Un →U a.e. (.)
and
Un ,U ∈ L(), (.)
from the Egorov theorem, we have for  >  the following. Let δ = , then there exists a
domainδ ⊂ , such that |/δ| < δ, and for all (λ, θ ,p) ∈ δ , ∃N > , for ∀n >N , we have
∣∣Un →U∣∣ < . (.)
Then for ∀n >N we have
∫

∣∣Un –U∣∣dσ dp =
∫
δ
∣∣Un –U∣∣dσ dp +
∫
/δ
















∣∣Un –U∣∣ dσ dp
) 

≤ Cδ  = C, (.)
and from (.) and (.), we can ﬁnd
Un →U ∈ L(), (.)
thus, we have from Remark .
Un →U ∈ L(,T ;L()), (.)
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which implies that
Un →U a.e., (.)
which means the weak solutions are stable almost everywhere.
3 The a priori estimates
Next, we will give the a priori estimates for the weak solution Un to system (.). Firstly,
from a direct calculation, we can establish the following lemma; we omit the proof.
Lemma .∫

∇φ · ∇ψ dσ dp = –
∫

	φ · ψ dσ dp, (.)
where φ and ψ can be vector-valued functions, or the scalar functions,
∫

φ · ∇ψ dσ dp = –
∫

∇ · φψ dσ dp, (.)
where φ is a vector-valued function, and ψ is a scalar function.
Then we have the usual energy inequality as follows.
Lemma . Let T > . Under the assumptions of Theorem ., we have for the weak solu-




∥∥Un∥∥H() dτ ≤ C( + ‖‖H–()), t ∈ [,M], (.)
where C >  denotes a constant dependent on the initial data and timeM and independent
of n.




































































∥∥Un∥∥L() +C∥∥Un∥∥H() ≤ C‖‖H–() + C∥∥Tn∥∥H()
≤ C‖‖H–() + C
∥∥Un∥∥H(), (.)
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where  >  is a small constant such that we have
d
dt
∥∥Un∥∥L() +C∥∥Un∥∥H() ≤ C‖‖H–(), (.)




∥∥Un∥∥H() dτ ≤ ∥∥Un∥∥L() +C‖‖H–()
≤ C( + ‖‖H–()), (.)
where C >  denotes a constant dependent of the initial data and timeM and independent
of n. 
4 Proof of main results
With the help of the a priori estimates in (.), we have the following estimates for the
sequence of weak solutions Un:
Un ∈ L∞(,M;L())∩ L(,M;H()), (.)
then we will prove the main results, in order to address the convergence of sequence of
the weak solution; a lemma of the compactness result will be given ﬁrst.
Lemma . (Lion’s compactness result) Suppose E, E, E are Banach spaces, E ↪→↪→




ψ |ψ ∈ L(,M;E),ψt ∈ Lp (,M;E)
}
(.)
as the Banach space with the norm
‖ψ‖W,p = ‖ψ‖L(,M;E) + ‖ψ‖Lp (,M;E), (.)
then
W,p (,M;E,E) ↪→↪→ L(,M;E). (.)
Then we will give the proof of the stability of the weak solutions.
Lemma . Let Un be the weak solution sequence of system (.). Then, up to a subse-
quence, we have











for all ϕ = (ϕvλ ,ϕvθ ,ϕT ) = (ϕV ,ϕT ) ∈ C∞(,M;C∞ ()) and ϕ(M, ·) = .
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Proof From (.), we have the following estimates for the test function φ = (φvλ ,φvθ ,φT ) =



































≤ C∥∥Un∥∥H()‖φ‖H() ≤ C∥∥Un∥∥H(), (.)
which implies




∥∥L(Un)∥∥H–() dt ≤ C
∫ M

∥∥Un∥∥H() dt ≤ C, (.)




) ∈ L(,M;H–()). (.)












































































∣∣∇Un∣∣ dσ dp) (∫










≤ C∥∥Un∥∥ H()∥∥Un∥∥ L()‖φ‖H()
≤ C∥∥Un∥∥ H()∥∥Un∥∥ L(), (.)

























∇ ·VnVn · φV dσ dp +
∫



























∣∣∇Un∣∣ dσ dp) (∫

































≤ C∥∥Un∥∥ H()∥∥Un∥∥ L()‖φ‖H() +C∥∥Un∥∥ H()∥∥Un∥∥ L()‖φ‖H()
















































∣∣Un∣∣|φ| dσ dp) 
≤ C( + ∥∥Un∥∥L())
(∫






≤ C∥∥Un∥∥ H()( + ∥∥Un∥∥ L())‖φ‖H()
≤ C∥∥Un∥∥ H()( + ∥∥Un∥∥ L()), (.)
from (.)-(.), we have
∥∥B(Un,Un)∥∥H–() ≤ C∥∥Un∥∥ H()∥∥Un∥∥ L() +C∥∥Un∥∥H()
+C
∥∥Un∥∥ H()( + ∥∥Un∥∥ L()) (.)









(∥∥Un∥∥H()∥∥Un∥∥ L() + ∥∥Un∥∥ H()
+








∥∥Un∥∥H()t +C ≤ C, (.)











φT dσ dp≤ C‖‖H–()‖φ‖H() ≤ C‖‖H–() (.)
and
F ∈ L∞(,M;H–()). (.)








which together with Lemma . and Un ∈ L(,M;H()) gives
Un →U ∈ L(,M;L()), (.)
and using (.), we can prove (.) holds. 
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b(U ,U ,ϕ)dt, (.)

































































































(V · ∇)Vn · ϕV + (V · ∇)TnϕT
)
dσ dpdt

















(V · ∇)V · ϕV + (V · ∇)TϕT
)
dσ dpdt, (.)

























∣∣∇Un∣∣ dpdt)  → . (.)

























































































































































































































































































































































∣∣∇Un∣∣ dpdt)  → , (.)
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ω cos θ + cot θa vλ
)
(vθϕvλ – vλϕvθ )dσ dpdt. (.)
Summing (.), (.), (.), and (.), we complete the proof of (.). 
5 Conclusion
In this paper, the stability of weak solutions for the atmospheric equations is investigated
with the constant external force and without the eﬀects of topography; from Theorem .
and Remark . and Remark ., we show that if Un → U ∈ L(), then Un → U ∈
L(,T ;L()); ifUn →U a.e., thenUn →U a.e., whichmeans that if the diﬀerence of the
initial data of two diﬀerent weak solutions is small almost everywhere, then the diﬀerence
of this two weak solutions is small almost everywhere as time increases. Furthermore, in
the future we will consider the stability of weak solutions to the atmospheric models with
the eﬀects of topography, a non-constant external force, radiation heating, and the moist
phase transformation, etc.
Competing interests
The authors declare that they have no competing interests.
Authors’ contributions
RXL organized and wrote this paper. QCZ examined all the steps of the proofs in this research and gave some advices. All
authors read and approved the ﬁnal manuscript.
Acknowledgements
The research is supported by NNSFC No. 11101145, China Postdoctoral Science Foundation No. 2012M520360.
Received: 15 July 2014 Accepted: 23 October 2014 Published: 11 Nov 2014
References
1. Zeng, Q: Mathematical and Physical Foundations of Numerical Weather Prediction. Science Press, Beijing (1979) (in
Chinese)
2. Li, JP, Chou, JF: The existence of the atmosphere attractor. Sci. China, Ser. D, Earth Sci. 40(2), 89-96 (1996)
3. Pedlosky, J: Geophysical Fluid Dynamics, 2nd edn. Springer, Heidelberg (1987)
4. Washington, WM, Parkinson, CL: An Introduction to Three-Dimensional Climate Modeling. Oxford University Press,
Oxford (1986)
5. Lions, JL, Temam, R, Wang, SH: New formulations of the primitive equations of the atmosphere and applications.
Nonlinearity 5(2), 237-288 (1992)
6. Lions, JL, Temam, R, Wang, SH: Models of the coupled atmosphere and ocean (CAO I). Comput. Mech. Adv. 1, 5-54.
(1993)
7. Lions, JL, Temam, R, Wang, SH: Models of the coupled atmosphere and ocean (CAO II). Comput. Mech. Adv. 1, 55-119.
(1993)
8. Lions, JL, Temam, R, Wang, SH: Mathematical theory for the coupled atmosphere-ocean models (CAO III). J. Math.
Pures Appl. 74(2), 105-163 (1995)
9. Chepzhov, VV, Vishik, MI: Attractors for Equations of Mathematical Physics. Am. Math. Soc., Providence (2002)
10. Huang, HY, Guo, BL: Existence of the solutions and the attractors for the large-scale atmospheric equations. Sci.
China, Ser. D, Earth Sci. 49(6), 650-660 (2006)
11. Huang, HY, Guo, BL: The existence of weak solutions and the trajectory attractors to the model of climate dynamics.
Acta Math. Sci. Ser. A 27(6), 1098-1110 (2006)
10.1186/1029-242X-2014-455
Cite this article as: Lian and Zeng: Stability of weak solutions for the large-scale atmospheric equations. Journal of
Inequalities and Applications 2014, 2014:455
